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Abstract

Let fi,...,fs be polynomials in n variables over a field of
characteristic zero and d be the maximum of their total de-
gree. We propose a new probabilistic algorithm for comput-
ing a geometric resolution of each equidimensional part of
the variety defined by the system f; = --- = f, = 0. The
returned resolutions are encoded by means of Straight-Line
Programs and the complexity of the algorithm is polynomial
in a geometric degree of the system. In the worst case this
complexity is asymptotically polynomial in sd™.

Introduction

Let k be a field of characteristic zero, f1,..., fs be s polyno-
mials in k[z1,...,2,) and d be the maximum of their total
degree. Let ¥V = V(f1,..., fs) be the algebraic variety de-
fined by the system fi =--- = f; = 0 in the n dimensional
affine space over an algebraic closure k& of k. We are in-
terested in computing an exact description of V, from the
computer algebra point of view.

Up to now, the best complexity upper bound known is
asymptotically polynomial in sd™: in [3] Chistov and Grig-
oriev present an algorithm with such a complexity for com-
puting a decomposition of V into irreducible components;
Giusti and Heintz give in [9] another method with the same
complexity, moreover their decomposition into equidimen-
sional parts is well-parallelizable; Elkadi and Mourrain pro-
pose in [4] a method based on Bézoutian matrices, their
algorithm is probabilistic.

Our aim is to present an algorithm which computes a geo-
metric resolution of each equidimensional part of the variety
V with a complexity polynomial in some intrinsic degree of
the system and, by the way, polynomial in sd” in the worst
case.

Our algorithm stores eliminating polynomials by means
of Straight-Line Programs (SLP) without division; our
method lies in the continuation of a series of papers initiated
by Giusti, Heintz, Hagele, Morais, Montania, Morgenstern
and Pardo: in [7, 11] they give an algorithm for computing

the isolated points solutions of any polynomial equation sys-
tem with a complexity polynomial in an intrinsic degree of
the system. In [12] we simplify and redesign the algorithm
and explain how to implement it. Our aim is now to ex-
tend the theoretical method in order to compute not only
the isolated roots but a description of all the components.

In the sequel, L represents the complexity of the given
SLP encoding the input system fi,..., fs. When consider-
ing degrees of algebraic varieties we use Heintz’ degree [13],
that is the sum of the degrees of all the isolated irreducible
components appearing in a minimal decomposition of the
variety.

Let t;; for 1 <i<nm+1and1 < j<s, be some new
generic parameters taking their value in k. Let g; be the
generic linear combination } 7, ti;fj, for 1 <i < mn+ 1.
We define the intermediate varieties V; as V(g1,... ,g;) for
0 < i < n+1 and we define the intrinsic degree § of the
system as being the maximum of the degrees d; of V;, 0 <
i < n. Note that by convention Vo represents the whole
space k"

Theorem 1 There exist a dense open subset G of k(»+1)s
and a deterministic algorithm such that: if the values of the
ti,; are taken in G, it computes a minimal geometric resolu-
tion, encoded by SLP, of V with a non-uniform complezity
polynomial in Lnsdé, in terms of the number of arithmetic
operations in k.

Let a be a positive integer, if Q is a set of points of size
3a(d + 1) in k, a random point t;; in Q"D belongs to
G with probability of success at least 1 — (sn)°/a for some
universal positive constant c.

The definition of geometric resolutions is stated in the
next section and the complexity model in §3.1. Note that ¢
is bounded by d”, using the Bézout inequality [13].

The deterministic algorithm of the theorem admits a
bounded error probabilistic counterpart in a uniform com-
plexity model (see discussion in §3.1).

Our algorithm relies on the properties of the V; and their
relation with V; we adapt the results of [11] in order to
perform splittings when irregular intersections occur. So the
paper is organized as follows: we first recall the definition
of a geometric resolution, then we describe the properties
of the generic system g1 = --- = gn4+1 = 0 and the last
part is devoted to the description of the algorithm and the
proof of Theorem 1. Appendix 3.3 details a technical result
contained in [11] but without an independent statement.



1 Definitions

Let W be a r-equidimensional algebraic variety and J its
annihilating ideal in k[z1, ... , zx].

Let M be an invertible nxn square matrix with entries in
k, we say that the new coordinates y = M ~'x are in Noether
position with respect to W if the following two conditions
hold: the variables y1, ... ,y, are free, which means that the
canonical projection from W to the affine space generated
by yi1,...,yr is surjective, and the ring morphism

R:=klyi,---,yr] — kly1, ... ,ynl/(f1,.-. . fs) = B

defines an integral ring extension.

Let K be the field of fractions of R and B’ the finite-
dimensional K-vector space K ® B. A linear form wu is said
to be a primitive element of W if its set of powers generates
B.

A geometric resolution of W is defined by:

e an invertible n X n square matrix M with entries in

k such that the new coordinates y = M ™'z are in
Noether position with respect to W;

e a primitive element u = Apy1Yr41 + - - + Anyn of W,

with the A; in k;

e the minimal polynomial ¢(T') € R[T] of u in B’, monic
in T, with degree in T equal to the dimension of B’
and

e the parametrization of W by the zeros of ¢, given by
polynomials

s PYn — vn(T),

where p is in R and the v; are in R[T] with degree in
T strictly less than the one of ¢ and such that B’ is
isomorphic to K[T/(q(T), pyr+1 — vr41(T), ... , pyn —
vn(T))

The total degree of ¢ is bounded by de § (W) and those of p
and the v; can be bounded by deg(W)” [12, 23].

If W is not equidimensional, we call a minimal geometric
resolution a decomposition of W in Wo UW; U- - -UW,, such
that W; is either empty or an algebraic variety of codimen-
sion ¢ and no component of any W; is included in another
one, each W; being described by means of a geometric res-
olution.

pyr+1 — vr41(T), . ..

2 Preparation Lemmas

The first part of our algorithm is incremental in the number
of the g;’s: we give geometric resolutions of Vo, V1,... , Vit1
in sequence. The following lemmas give the properties of this
sequence when the ¢; ; are chosen generic enough.

The first lemma shows that the “interesting” successive
intersections of the g;’s are regular. Note that this lemma
is a local version of [10, §3.4.1] of Giusti and Heintz (see
also [13, 9]).

Lemma 1 For all i, 0 < ¢ < n, for any tp; in k, 1 <
k <1, 1 <1< s, there exists a nonzero polynomial Piyq
n k[( T+, l)1<1<s] of total degree bounded by d' such that:
for all tip1, 1 < 1 < s, Piy1((tit1,)1<i<s) # 0 implies
that for any irreducible component M of codimension i of
the variety V; the following alternative holds: M is in'V or
V(gi+1) intersects M regularly.

Proof. Let M be an irreducible component of V; of codi-
mension ¢ not included in V, so that there exists some m
such that M is not included in the hypersurface defined by

= 0. We take a point Caq in M not in V(fp). Let us
associate such a point Ca¢ to each irreducible component
of V; of codimension ¢ not included in V. Let P;;; be the
polynomial defined by

H(Ti+1,1f1(Cm) + o+ Tig1,5 s (Crm))-
M

By construction P;1; is not identically zero, has total degree
bounded by d* and has the required property. O

We apply incrementally the lemma: first we choose val-
ues for t1,1,...,t1,s, then for t21,...,t2,s and so on until
tnt1,1y.-- stnt1,s. The system of g;’s we obtain satisfies the
following property, denoted by R; in the sequel:

Ri: for all 4, 0 < ¢ < n, an irreducible component of V; of
codimension 7 is either included in V or regularly intersected
by git1.

We now quantify the probability of success of this con-
struction.

Proposition 1 Let a be a strictly positive integer, and
be a set of points of k of cardinal ad™. A random choice of
all thet;j, 1 <i<n+1,1<j<s, in QDS Jeads to
polynomials g; satisfying the property Ri with a probability
at least 1 — (sn)° /a, for some universal positive constant
C1.-

Proof. Using Zippel-Schwartz’ zero test [24, 25], the prob-
ability that a point (£;41,1,-.. ,%ti+1,s) chosen at random in
Q° is not a zero of Py is at least 1 — s/c. Thus the prob-
ability that some t;; chosen at random in Q™*V* define
some g; satisfying the property R is at least (1 —s/a)"t! >
1-s(n+1)/a.

In the sequel we denote by V/ (Pure codimension) the
varletlg composed of the components of V; of codimension 1,
by V¥ (Regularly intersected) the ones of Vy being inter-
sected regularly by g;+1 and V] (Improper) the ones of V/
included in the hypersurface defined by gi+1 = 0.

Proposition 2 For choices of t;; such that properties Ry
holds, the varieties V; satisfy the following properties.

1. For ¢ > 0, the minimal equidimensional decomposition
of Vs s given by

Viu---uvi,uvf.

2. The minimal decomposition of V into equidimensional
parts s
Viuviu---uvi.

Proof. We prove the first point by induction on ¢. The case
1 = 0 is trivial, let us assume that the property is true for
a given i > 0. The variety V;41 is the intersection of V; by
the hypersurface defined by g;+1, the property Ri implies
that all the Vf, 1 < j < i, are included in V), thus in the
hypersurface defined by g;+1. Hence Vi1 equals Vi U---U
VI UVE N V(git1). The variety V; is then the union of
the irreducible components of VF N V(gi+1) not included in
VEU---UV!. The property holds at i + 1.



For the second point, the inclusion of VL UVIU--- UV}
in V is a direct consequence of the property R;. For the
reverse inclusion, let M be an irreducible component of V
of codimension i > 0. The variety M is included in VE, let
7 be the greatest index such that M is included in v]R and

not in V% ;. Necessarily M is included in Vi N V(gj41). If

M is included in one of the Vi for a given k < j we are
done, otherwise M is included in V]PH, and thus in Vf_H.EI

Let us now turn to the question of the multiplicities of
the components of the V;. The next lemma is a weak local
version of Bertini’s first theorem, the complete proof we give
of our assertion has been inspired by Bertini’s original one
as explained by Kleiman in [16]. This result is also a local
version of [17, Proposition 37] or [23, Proposition 4.4].

Lemma 2 For each ¢, 0 < ¢ < n, there exists a non zero
polynomial Q; in k[(Tk,1)1<k<i,1<i<s] of total degree bounded
by 3(d+1)3i such that: for allty; ink, 1<k <i,1<1<s,
Qi((ti+1,1)1<i<s) # 0 implies that for any irreducible com-
ponent M of codimension i of the variety V; the following
alternative holds: M 1is included in V or M is reduced with
respect to gi,... ,gi-

Proof. First we prove that when the ¢z, are generic the
alternative holds.

In this proof R represents the polynomial ring
k[(Tk,l)ISkSi,ISISS]: K its field of funCtiOHS, G1 the pOly-
nomials T51f1 + -+ + Tisfs, for 1 <4 < n. Let us now
fix ¢ in the range 0...mn, let » be n — i and M be an ir-

reducible component of the variety defined by Gi,...,G;
in K[z1,...,zs]. Let us consider a geometric resolution
of M: let yi,...,yn be the variables in Noether posi-

tion, y = M 'z, u the primitive element, ¢ the minimal
polynomial and the parametrization given by py; = v;(u),
r+ 1< j < n. Let us assume that the component is multi-
ple with respect to G1,...,G;. This means that there exist
polynomials Hi,...,H; in K(y1,...,yr)[u], such that g is
prime with one of them, say Hy, and such that

Zngrad(Gj OM)(yla"' 7yT:v7“+1(u)/p7"' :v"(u)/p)

j=1

has all its entries in the ideal (g), the gradient being consid-
ered with respect to the variables y,41,... ,yn. This implies
that

D (H;(Gj o M))(y, ...

=1

sYrs O 1 (W)/ps - va(u)/p)

belongs to the ideal generated by ¢?. Let Y represent the
vector (vy41(w)/p, ... ,vn(w)/p). Differentiating the last ex-
pression with respect to Ty, we get that

ay'f‘ay)))(Gj OM)(yla"' ,yT,Y)

9

Jj=1

7
+ D Hils, oy V)grad(GroM)(un, -, ¥) (=)
j=1 ’

7y7')Y))

: 0
+2Hj(y11--- ayr,Y)(aTkl(Gj o M))(y1,. ..
i= :

which is in (g). Since the two first terms are in (g),
the last one is also in (g). But the last term A

equals Hy(y1,... ,yr,Y)(aTLMGk o M)(yl,... ,yr,Y) and

thus equals Hi(y1,-.. ¥, Y)(fi o M)(y1,-.. ,yr,Y). Since
Hi(y1,...,9r,Y) is invertible modulo ¢, this implies that
fily1,... ,yr,Y) belongs to (q). This property is true for all
l, we deduce that M is included in V, which achieves the
first part of the proof.

‘We now prove constructively the existence of the desired
polynomial Q);. Let J be the ideal generated by (G1,. .. , G:)
in k[(Tk,1)1<k<i,i<i<s, Z1,... , Zn] and W be the correspond-
ing variety.

Let M be an irreducible component of W and J be its
annihilating ideal.

First we consider the case J N R # (0): if = denotes the
canonical projection k' x k* — &k, (W) is contained
in a hypersurface of degree bounded by the degree of M.
Thus there exists a non zero polynomial F' in J N R of total
degree bounded by the degree of M. If t;,; are such that
F(tg,1) # 0 then J + (Th,i — tr)1<k<ini<i<s) = (1).

Now consider the case JN R = (0). There exists a geo-
metric resolution of J in K[z1,... ,2,]: let y;, 1 < j < n, be
the variables in Noether position, w the primitive element,
q its minimal polynomial and p, v; be the parametrization
such that py; = v; for j > n—4+1 and

Jpwe = (a(w), pYn—i+1 — Vn—it1(u), .., pyn — vn (W) gyp,

where 1) is the discriminant of ¢ with respect to u and ¢ the
leading coefficient of ¢q. Let tx,; be such that ¢yp(t) # 0
then

I+ (Thy — th,1)1<k<ii<i<s)

= (qe(w), ptyn—i+1 — Vin—i+1(w), - -« PtYn — Vi,n (),

where g¢, p+ and v ; represent respectively the values of g,
p and the vj, when the T, are specialized at the tx,, for
1< k<14 1< < s Since g: is square free, the ideal
I+ ((Th,i — tr,i)1<k<i,i<i<s) is reduced. Hence we let Q;
be one of the coefficients of ¢p with respect to the free
variables y1,... , Yn—i-

It remains to give a bound on the degrees of ¢, ¥ and p.
According to the bound given by Schost in [20, Proposition
1], the polynomial ¢ can be chosen to be a polynomial in
R[y1, ... ,yr][u] of total degree bounded by the degree of
M, and the total degree of p bounded by deg(M)3. Since
the degree of M is bounded by (d + 1)?, the total degree of
¢pp is bounded by 3(d + 1)%. O

We denote by R» the following property:

Ro2: for any irreducible component M of codimension
i of the variety V; the following alternative holds: M is
included in ¥V or M is reduced with respect to g1, ... , g;-

Proposition 3 Let a be a strictly positive integer, and ) be
a set of points of k of cardinal 3a(d+1)%". A random choice
of all the t;;, 1<i<n+1,1<j<s,in QDS Jeads to
polynomials g; satisfying the property Rz with a probability
at least 1 — (sn)°?/a, for a universal positive constant ca.

Proof. Zippel-Schwartz’ zero test implies that a random
choice of the t;; in the set Q"FD* is not a root of the
product of all the Q;, for 1 < ¢ < n, with a probability at
least 1 — (n+ 1)%s/a. O



3 Algorithm

In this section we assume that we have chosen values of the
t;,; such that g;’s satisfies the properties R; and R». In this
situation we adapt the algorithm given in [11] in order to give
a complete solution of the input system f; =--- = f, = 0.

The algorithm is almost incremental. Indeed we would
expect to compute resolutions of V{H and Vﬁ_l from the
one of VE. But doing this way yields a recursive depen-
dency between the V/ and thus an exponential factor in the
complexity. Our strategy consists in computing first a res-
olution of the system, not necessarily minimal, and at the
end we deduce a minimal one. The first task is called the
incremental resolution and the second one the minimization.

For each i, 0 < i < n — 1, we define the variety ViJH
composed of the components of VF N V(gi+1) which are in-
cluded in the hypersurface defined by g;+2 = 0; in other
words VF N V(gi+1) is the (minimal) union of the compo-
nents of VZ-J_H and the ones of Vﬁ_l; moreover the variety
Vi, is included in V{|;. By convention we define Vg to be
V{, so that the following set equalities hold:

Vi=ViU---UV UV, 0<i<m,

V=Vsuviu---uv.
Here is the outlook of the algorithm:

I. Incremental Resolution We compute geometric res-
olutions of each V| it is incremental in i: at the ith step we
compute resolutions of ViJH and Vﬁ_l from the one of VE.
Each step divides into three parts:

1. Cgmpression of the SLP of the geometric resolution of
Vit

2. Computation of the intersection of VE by git1.

3. Splitting Vi N V(gi+1) into Vi, and V.

II. Minimization We compute the V} using the equality

(*) Vi =V/\Uogj<iV{, 0<Zi<n.

Note that this formula for the V/ is not recursive.

The next subsections are devoted to the presentation of
the complexity model we use, the description of each ele-
mentary block of the algorithm and a proof of Theorem 1.

3.1 Complexity Model

We assume that k is an effective field for which each ele-
mentary operation (addition, substraction, multiplication,
division and equality test) has cost 1. The multivariate
polynomials we use in our algorithm are stored by means
of Straight-Line Programs (SLP) without test nor division,
we refer to Strassen [21], von zur Gathen [6] or Heintz [14]
for precise definitions.

The only non-trivial point when dealing with this data
structure is equality checking (or zero testing). One can
perform this task by evaluating the SLP at sufficiently many
points. This is formalized in terms of correct test sequences
of points with coordinates from k according to a theorem due
to Heintz and Schnorr [15], which we recall for completeness.

Let D and L be two positive integers, and let us define
the subset W(D,n, L) of polynomials of k[z1,...,zn], of
degree at most D, which can be coded by a SLP with at
most L arithmetic operations. Furthermore given a subset
T of k, a family v := {y1,...,¥m} (with v € T) of m
points in k™ is called a correct test sequence for W (D, n, L)
if every polynomial in the latter vanishing on the points of
v is actually identically zero.

Theorem 2 [15] Given a subset I' of k of cardinality #I' =
2L(D + 1)%, and a cardinality m := 6(L + n)(L + n + 1),
the subset 7(D,n,L,T') € I™™ of correct test sequences for
W(D,n, L) satisfies:

#7(D,n, L,T) > (#I)"™(1 — (#I)™¢).

In other words, if we have precomputed all the correct test
sequences needed for a fixed range of applications we have
a polynomial time algorithm for testing the nullity of our
SLP. In this sense we say that our complexity model is non-
uniform. Finally, we say that all the operations (addition,
multiplication, zero test) on SLP have a non-uniform com-
plexity polynomial in their size and their number of vari-
ables.

All our results remain valid in a uniform complexity
model if we replace correct test sequences by the proba-
bilistic test given in [5] asserting that a SLP of size L can
be tested to represent zero or not in time polynomial in L
and n with a probability of failure uniformly bounded by
1/262144.

3.2 Incremental Resolution

Let us now turn to the description of the elementary blocks
constituting the core of the loop of the first part of the al-
gorithm.

Compression The compression technique is fundamental:
it avoids the growth of the SLP representing the geometric
resolution of the successive VE. It is based on a Newton-
Hensel iterator. We adapt the result [11, Lemma 5] to our
situation:

Lemma 3 Let 8 be the size of a SLP encoding a geomet-
ric resolution of VE, for i < n, there exists a determinis-
tic algorithm with a non-uniform complezity polynomial in
BLsndeg(VE) returning a SLP encoding a geometric reso-
lution of VE of size polynomial in Lsn deg(VEF).

Note that the size of the output is independent of 3.

Intersection The second step is also taken from [11,
Proposition 15]. It consists in computing a resolution of
the intersection of V? by the hypersurface defined by the
equation g;+1 = 0.

Lemma 4 Let 8 be the size of a SLP of a geometric res-
olution of VE, there exists a deterministic algorithm with
a non-uniform complezity polynomial in BLsnddeg(VF)
which computes a geometric resolution of VE N V(git1) en-
coded by a SLP of size polynomial in BLsnd deg(VF).



Splitting From a resolution of V¥ N V(giy+1) we want to
compute its decomposition into Vﬁ_l and ViJ_H.

Lemma 5 Let 3 be the size of the SLP encoding a ge-
ometric resolution of V& N V(git+1), there exists a deter-
ministic algorithm of non-uniform complezity polynomial in
BLnsd deg(VE N V(gi+1)) which computes geometric resolu-
tions of Vi, and Vi, encoded by a SLP of size polynomial
in BLnsd deg(VE N V(git+1)).

Proof. We apply directly Proposition 4 of the appendix with
the equation of g;+2. O

Let us introduce C to represent the expression Lnsdd.
First we note that the degrees of all the varieties Vi ap-
pearing during the resolution process are bounded by dd.
At each step of the loop, the compression produces a SLP of
size bounded by C°M), after the intersection we also get a
SLP bounded by C°™"), and the same holds for the splitting.
This induces that each step of the loop has a complexity at
most polynomial in C' and that the computed SLP of the
V/ have size polynomial in C.

3.3 Minimization

Let us turn to the second part of the algorithm: from the
resolutions of the V{ computed above, we want to compute
resolutions of the V/. Using equality (%), it is enough to
remove the components of Vi which are included in VJ U
UV ,. First we show that testing if a point belongs
to an algebraic variety is equivalent to testing the nullity
of the Chow form of the variety at the given point, then
we give an algorithm for computing the Chow form of an
equidimensional variety from a geometric resolution.

Let W be an r-equidimensional variety given by a geo-
metric resolution: y denotes the variables in Noether po-
sition, y = M~ 'z, u the primitive element, ¢ the mini-
mal polynomial, p and v; the parametrizations, such that
py; = vj(u), j > r. Let B represent k[WW] and B’ be
k(yla"' ay"‘)®B

Let A;41,...,A, be new generic parameters, and
x(y1,--- ,yr,T) the characteristic polynomial of the en-
domorphism of multiplication by the generic linear form
U= Avy1yr41 + -+ + Apyn, in B’. The polynomial y is
called the Chow form of W, it is polynomial in the y; and
the A;, monic in T, square free, its total degree in the y;
does not exceed the degree of 1V and its total degree in the
y; and A; does not exceed 2deg(W); moreover x(u) = 0
holds in B [12, Corollary 2].

Lemma 6 A point P = (P1,...,P,) of k" belongs to W
(in the coordinates y) if and only if x(P1,..., P, U(P)) is

ZEero.

Proof. First, if P belongs to W the Chow form van-
ished at P. Reciprocally, let P be a point such that
X(Pi,...,P.,U(P)) is zero. Let w denotes the canonical
projection onto the free variables, using the theorem con-
cerning the multiplicity of a specialization [19, p.89] the
specialization of x leads to the formula

N
X(Pla"' aPT:T): H(T_Zi)mi:

i=1

where the Z; are the point of 7~ *(Py,. .. , P,) of multiplicity
m;. This implies that there exists ¢ such that U(P) = Z;;

since the Z; are independent of the A;, necessarily P equals
Z;.

Let B be the size of the SLP encoding the given geometric
resolution of W, we are able to compute x quite easily as a
SLP depending on the A; and the free variables.

Lemma 7 There exists a deterministic algorithm which
computes a SLP of the Chow form x of W of size polynomial
in nBdeg(W), the non-uniform complezity is polynomial in
the same quantity.

Proof. Let D be the dimension of B’ and M; be the multi-
plication matrices of the pz; for r + 1 < 4 < n, in the basis
1,4,... ,u”~". The matrix Apy1Myi1 + - - + Ap M, is the
multiplication matrix by pU, let ¥(T') be its characteris-
tic polynomial, then x(T') equals ¥(pT)/p”, this division
is exact. Since the matrices have size D x D and D is at
most the degree of W, their construction can be done with
a complexity polynomial in ng3deg(W). We use Berkowitz’
algorithm [2, 1] to compute the characteristic polynomial
and “Vermeidung von Divisionen” [22] to compute the ex-
act division, this yields the claimed complexity. O

We are now ready to explain the minimization method.
Let M be a component of one the Vi for ¢ > 0, testing
whether M is included in one of the V]'-] with 7 < ¢ is
equivalent to testing if a Zariski dense subset of M is in-
cluded or not. Let y, u, q, p, v be the components of a
geometric resolution of M and x be the Chow form of VJ‘-]
expressed in the variables y. The condition of the above
lemma can be restated as: M is included in V]-J if and only
if X(y1,--- »Yn—i, Un—ix1(w)/p, ... ,vn(u)/p) reduces to zero
modulo ¢ or not (in k(y1,...,yn—i)[T]).

Lemma 8 Let 3; be the size of the SLP encoding a geomet-
ric resolution of V]f], for 0 < j <n, and D; be the degree of
V]-J, there exists a deterministic algorithm with non-uniform
complezity polynomial in n(B1D1 + -+ - + BiD;) which com-
putes a geometric resolution of VI of size polynomial in the
same quantity.

Proof. With the above notations, x;, the Chow form of VJ-J
can be computed in time polynomial in ng;D;. Proposi-
tion 4 of the appendix applied on the product of the x;,
j <1, yields the claimed complexity. 0.

Proof of Theorem 1 Let C still be Lnsdd. Since the
output of the first part of the algorithm is polynomial in
C and the degrees of all the V; are bounded by dé, the
minimization part is also polynomial in C. This proves the
first part of Theorem 1. For the second part, it suffices to
put together the probabilities that the election of the ¢; ;
leads to a sequence of g; satisfying the properties R; and
R> of Propositions 1 and 3.

Appendix: Splitting a Resolution

Let W be an equidimensional variety of codimension %, given
by a geometric resolution encoded by a SLP of size 8. Let h
be a polynomial in k[z1,..., 2], we explain in this section
how one can split the given geometric resolution into two
parts, one for the components of W included in the hyper-
surface defined by A = 0 and the other for the rest.

Let 7 = n — ¢ and the notations of the geometric resolu-
tion be:



e M represents an invertible matrix with entries in &,
the coordinates in Noether position are y = M~ lz:
the variables y1,... ,y, are free.

® U= At1Yr+1+- -+ Apyn is the primitive element, the
Ai are in k.

e g is the minimal polynomial of %, monic in u.

o py; =vj(u), for r+1 < j < n are the parametrizations,
p is polynomial in the free variables and the v; are
polynomial in the free variables and u.

Let A(y1,...,yr,u) denote

h‘ ° M(ylv e ameH—l(u)/Pv e 7Un(u)/p)7
qi1(u) be the greatest common divisor of A and ¢ in
k(y1,---,yr)[u], and let g2 = q/q1. Since g is monic and

polynomial in the free variables, ¢1 and g2 are also monic
and polynomial in the free variables. We set GR; the geo-
metric resolution defined by M, u, ¢;, p and the remainders
of the v; modulo g;, for 4+ = 1,2. The resolution GR: (re-
spectively GR») is a geometric resolution of the components
Wi (respectively W2) of W included (respectively not in-
cluded) in the hypersurface defined by A = 0. Our aim is
now to give a bound on the size of the SLP of the GR; in
function of 3.

Proposition 4 Let Ly, be the size of the SLP encoding h, dj,
a bound on the total degree of h, booth GR1 and GR2 can be
computed by a deterministic algorithm in non-uniform time
polynomial in nLpdnBdeg(W). The sizes of the resulting
SLP are polynomial in nLpdyB deg(W).

Proof. Let H be the homogenized polynomial with re-
spect to the new variable yo of h o M can be com-
puted in time polynomial in nLpdp, the resulting SLP
having size also polynomial in nLpd,. Now let B =
H(p, py1,ldots, pyr,vr4+1(u), ... ,vn(u)), B is proportional
to A up to a p?* and its SLP is polynomial in nLydy3. Us-
ing [11, Lemma 10] the greatest common divisor of B and ¢
can be computed in time polynomial in nLpBdp8 deg(W),
this gives ¢; and g¢. O

Conclusion

Our algorithm for computing a minimal geometric resolu-
tion of an algebraic variety gives as a byproduct the degree
of the variety, and if we are looking for an irreducible decom-
position it is sufficient to factorize the minimal polynomials
of the computed geometric resolutions.

With our experience in implementing algorithms using
SLP [8, 12, 18] we expect to have soon an implementation
of the method presented here.
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